GEOMETRY OF COISOTROPIC SUBMANIFOLDS IN 
SYMPLECTIC MANIFOLDS AND KAHLER MANIFOLDS 



Yong-Geun Oh 1 

Abstract. The first purpose of this paper is to generalize the well-known Maslov 
indices of maps of open Riemann surfaces with boundary lying on Lagrangian sub- 
manifolds to maps with boundary lying on coisotropic submanifolds in symplcctic 
manifolds. For this purpose, we first define the notion of Maslov loops of coisotropic 
Grassmanians and their indices. Then we introduce the notions of transverse Maslov 
bundle of coisotropic submanifolds, and gradable coisotropic submanifolds. We then 
define graded coisotropic submanifolds and the coisotropic Maslov index of the maps 
with boundary lying on such graded coisotropic submanifolds, which reduces to the 
standard Maslov index of disc maps for the case of Lagrangian submanifolds. The 
second purpose is to study the geometry of coisotropic submanifolds in Kahler man- 
ifolds. We introduce the notion of the leafwise mean curvature form and transverse 
canonical bundle of coisotropic submanifolds and study various geometric properties 
thereof. Finally we combine all these to define the notion of special coisotropic sub- 
manifolds for the case of Calabi-Yau manifolds, and prove various consequences on 
their properties of the coisotropic Maslov indices. 



§1. Introduction 

A triple (X, u>, J) is called an almost Kahler manifold where (X, cu) is symplectic 
and J is compatible to to in that linear form defined by 

g(X,Y) :=u{X,JY) 

is positive definite. The mean curvature one form ar, of the Lagrangian submanifold 
L C (X, g) is then defined by 

a L := {H\lo)\ tl (1.1) 

Morvan [Mo] and Dazord [Da] proved that the mean curvature one form, of the 
Lagrangian submanifold L C (X,u>,J) becomes closed when {X,lo,J) is Einstein- 
Kahler, i.e., J is integrable and its Ricci form p satisfies 

p = Xuj, for A e M. (1.2) 

More precisely, Dazord [Da] proved the identity 

doiL = i*p (1-3) 
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on general Kahler manifolds from which together with (1.2) follows closedness of 
«l in the Einstein-Kahler case. We will call the mean curvature class the real 
one dimensional cohomology class [oil] S i? 1 (L;M) of the Lagrangian submanifold 
L C (A, u>, J). In fact, Morvan (in the case of C") and Dazord (in the Calabi-Yau, 
i.e., in the Ricci-flat case) proved that the mean curvature one form \oll is the 
one form whose de Rham cohomology class is an integral class which represents the 
well-known Maslov class [Ar] of Lagrangian submanifolds in symplectic geometry. 
The latter measures the rotation index of the angle of the tangent plane of the 
Lagrangian submanifolds which illustrates an interesting interplay between sym- 
plectic and Riemannian geometry of Lagrangian submanifolds in Einstein-Kahler 
manifolds. In this respect, the author [Oh2] also proved that the mean curvature 
class (Xl is invariant under the Hamiltonian isotopy of (X, uj) (see [Oh2] for its 
precise meaning). 

One purpose of the present paper is to generalize all of the above facts on La- 
grangian submanifolds on Kahler manifolds to coisotropic submanifolds Y C (X, lo): 
A submanifold Y is called coisotropic if 

{TYY C TY (1.4) 

where {TY) W is the symplectic orthogonal complement to TY defined by 

{T y YY = {v e T V X I lo(v, •) ee 0}. (1.5) 

Coisotropic submanifolds have played some important role in symplectic geometry 
in relation to generalizing calculus of Lagrangian submanifolds to some correspond- 
ing calculus in Poisson manifolds in relation to the geometric quantization (see e.g., 
[We]). Recently they attracted some physicist's attention [KaOr] in an attempt to 
correct and complete Kontsevich's homological mirror symmetry proposal in which 
inclusion of coisotropic D-branes plays an important role. For the case of Kahler 
manifolds, we introduce the notion of leafwise mean curvature vector of a coisotropic 
submanifold Y C (X,ui, J) and attempt to prove all the analogs in this coisotropic 
case to the above mentioned relationships between the Maslov index and the mean 
curvature class that are valid for Lagrangian submanifolds. It turns out that in a 
suitable foliated or leafwise context, all the coisotropic analogs to the above men- 
tioned geometric properties of Lagrangian submanifolds can be proved. 
We also introduce the notion of Maslov loops of coisotropic Grassmanians 

F fe (R 2 ™,cjo) = {Ce Gr n+k (R 2n ) \ C UQ C C, dimkcra>o|c = n - k} (1.6) 

and their indices. Note that when k = 0, C become Lagrangian and k = n, it 
becomes the full space R 2 ™. This class is not an homotopy invariant unlike the 
Lagrangian case but enjoys certain symplectic invariance property (see section 2 
and 3). Then we introduce the notions of gradable coisotropic submanifolds and 
graded coisotropic submanifolds in general symplectic manifolds, for which we also 
define an index for any (disc) map w : (D, 3D) — ► (A, Y). 

In section 7, we will also introduce the notion of special coisotropic submanifolds 
in the Calabi-Yau case which generalize the notion of special Lagrangian subman- 
ifolds. And we will derive various consequence on the coisotropic Maslov index of 
disc maps with boundary lying on special coisotropic submanifolds. 



COISOTROPIC SUBMANIFOLDS 



3 



Finally in section 8, we analyze the symplectic II-transverse curvature Fu intro- 
duced in [OP1] with respect to the orthogonal splitting II : TY = TT (B NjT in 
the case of Kahler manifolds (X,lj, J) and relate the curvature with the classical 
Levi form for the case of hypersurfaces Y C (X, u),J). 

The present work is a by-product of the joint works [OPl,2] with Jae-Suk Park. 
We would like to thank Jae-Suk Park for exciting collaboration on the coisotropic 
D-branes. We also thank Wei-Dong Ruan for his interest on this work and for 
pointing out a couple of imprecise points in our calculations in the precious version 
of this paper. 

§2. Maslov loops of coisotropic Grassmanians and their indices 

In this sub-section, we introduce the notion of Maslov loops of coisotropic sub- 
spaces and their associated indices. 

Denote the set of coisotropic subspace of rank 2k in the symplectic vector space 
(R 2n ,Lu ) by 

T k (R 2n , lu ) =:{Ce Gr n+k (R 2n ) \ C ,UJ C C, dim C ,UJ = n - k}. 
From the definition, for any coisotropic subspace we have the canonical flag, 

OcC u cCc R 2n . 

Combining this with the standard complex structure j on M 2 ™ = C", we have the 
splitting 

where He is the complex subspace of C. The following proposition is not difficult 
check, whose proof we omit and leave to [OP1]. 

Proposition 2.1. Let < k < n be fixed. The unitary group U(n) acts transitively 
on Tfe. The corresponding homogeneous space is given by 

r k {R 2n ,ujo) = U(n)/U(k) x 0(n - k) 

where U(k) x 0{n — k) C U(n) is the isotropy group of the coisotropic subspace 
C k © R n ~ k CC. In particular we have 

i- ti nn,2n \ (n + 3k + l)(n - k) 
dimr fe (M 2 ",w ) = -■ 

Now we have the following commutative diagram of short exact sequences 

— > H ->C -» C/C w -» 

I I I (2.1) 

H ^C™ -^C n /H^0 

Suppose 7 : S 1 — > T k (R 2n ,uj a ) be a continuous loop and consider the flag 



c 7(0)'" C 7(61) c R- 



4 



YONG-GEUN OH 



Considering 

S y :=C%<BjC%, C^(t):=j(6(t)r 

we associate to the each coisotropic loop 7 the pair (S~,, L 7 ) of loops of symplectic 
vector space S 7 (9) of dimension 2{n — k) and its Lagrangian subspace L 7 (9) = 
for 6 G S 1 . We denote by (C"") 1 - C C* the set of annihilators of C 1UJ in the dual 
space C* of C. 

We will need the following general discussion on the coisotropic subbundle of 
symplectic vector bundles. Let (E, a, J) — > N be a symplectic vector bundle with a 
compatible complex structure J on the fiber. Let C C E be a coisotropic subbundle 
and C" 7 the kernel bundle of C. Denote by C a = CjC a the quotient symplectic 
vector bundle and J a the induced complex structure. We then identify C a with the 
orthogonal complement of C a in C. We have the splitting 

c a ® Ja C = c£° © c° a }. 

with respect the complex structure J. We recall that as a complex vector bundle 
(C CT , J CT ) and C^' 1 = C^'j are canonically isomorphic. We suppress the J a from 
notations and write the splitting 

CZ®C = A 1 '°(CZ)+A°' 1 (CZ) 

associated to C*. Note that C* is naturally isomorphic to (C 7 ) 1 - C C* , the set of 
annihilators of C a . 

Definition 2.2. 

(1) We denote the determinant line bundle of A 1 '°(C*) by 

Kc - A r :/ ,, ., := A^°(C;) = A k (A 1 '°(C*)) 

and call it the transverse canonical bundle of C. We also denote by Sl k '°(C* ) 
the set of smooth sections thereof. We call any section £ € f2 fe '°(C*) of unit 
norm a transverse complex volume form of C. 

(2) We call the square bundle K® 2 the transverse Maslov line bundle of C C 
(£,Q,J). 

We note that since the real line bundle (det^C" 7 ))® 2 is trivial and detuE is 
always trivial. In general, the transverse Maslov bundle K® 2 is not trivial as a 
complex vector bundle. 

Definition 2.3. Let C C (E, 0) be a coisotropic subbundle of nullity n — k or of 
rank 2k. 

(1) We call the coisotropic subbundle C C (E, a) gradable if K® 2 is trivial, for 
a (and so any) compatible almost complex structure. 

(2) For a given compatible almost complex structure J on (E,ft), we call a 
section ( G T(K® 2 ) a transverse Maslov section of C. We call the pair 
(C, a) a graded coisotropic subbundle of E. 
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Examples 2.4. 

(1) Any Lagrangian subbundle is gradable in this sense since in that case the 
transverse Maslov bundle is just a scalar as the transverse space is trivial. 

(2) Any coisotropic subbundle over the base N — S 1 is gradable since any 
complex line bundle over S 1 is trivial. 

(3) Consider (A, w, J) is Calabi-Yau, or more generally any symplectic manifold 
(X,ui) with 2ci(X, w) = 0. Then for any coisotropic submanifold Y C 
(X,ui), the coisotropic subbundle TY C (TX\y,oj) is gradable (see section 
7). 

Now we go back to the case E — S 1 x (R 2n ,w ) the trivial symplectic vector 
bundle over S 1 with the standard complex structure j, with a map 7 : S 1 — > 
Tk(M. 2n , u)q) which corresponds to a coisotropic subbundle of E. This is a special 
case where N = S 1 . In this case, the real bundle (C a )® 2 — > S" 1 is always trivial. 
Since any symplectic vector bundle is trivial over S 1 , both C* and (detc C*)® 2 are 
also trivial (C™ is Calabi-Yau!). 

Definition 2.5. 

(1) We denote 

and call the transverse canonical bundle of 7 (with respect to the complex 
structure induced from the standard complex structure of C"). We call any 
section £ of A® 2 a transverse Maslov section of 7. 

(2) We call the pair (7; Q a Maslov loop. 

Now we will associate an integer to each given Maslov loop (7; £). 
We fix a global section (f2g)® 2 (C") which we write as 

(e fe+ i A---Ae„)® 2 (2.2) 

for any local orthonormal frame 

{e fc+ i,-- - ,e„} (2.3) 

of C". It is obvious that (2.2) is independent of the choice of orthonormal frame. 
However Ck+i A • • • Ae„ is not globally defined in general. In case C" is oriented, one 
can make this globally defined considering only the oriented frames. We denote by 

any Darboux frame of C™, that extends 
the frame {e/s + i, • • • , e„} and respects the orthogonal splitting 

7(0) = s 7 (0)ec?(0). 

More precisely, {ei, • • • , efe, /1, • • ■ , defines a Darboux orthonormal frame of 5 7 
and {efe+i, • • • , e n , f k +i, ■■• , /„} one for © jC^. Denote L 7 = C 5 7 which 
is a Lagrangian subbundle of S 7 . 

Noting that 5 7 = L 1 ® C = (S-y) 1 ' , we choose the unitary frame {u\, • • • , ut} 
of (5 7 ) 1,0 given as 

Uj = ej + ifj 
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associated to the Darboux frame {ei, • • • , e^, /i, • • ■ , /&}■ We denote by {9 1 , • • • , 8 n } 
the unitary frame dual to {u\, ■ ■ ■ ,u n }. 
We know that the square of 

Ufe+i A • • • A u n 

defines a global section of K® 2 . Pairing this with the standard complex volume 
form 

dz = dz\ A • • • A dz n , 
it gives rise to a natural transverse Maslov section of 7 

Q (l , dz) := [{u k+ i A • • • A u n )\dz)J . (2.4) 
The following is easy to check whose proof we omit. 

Lemma 2.6. (2.4) does not depend on the choice of the orthonormal frame {efc+i, • • • 
of C" or its extended orthonormal Darboux frame {e\, ■ ■ ■ , e„, /1, • • • , /„}, but de- 
pends only on 7. 

Now let C be any given transverse Maslov section of 7. Then we can write 

((9) = g(9)( h . 4z) (6) (2.5) 
for a well-defined function g — #( 7; o : S 1 — > S 1 . 

Definition 2.7. We define the index ^(7; () of the Maslov loop (7; Q by 

M(7;C) == deg(ff (7;C) ). (2.6) 

Remark 2.8. 

(1) Note that in the Lagrangian case there is no transverse direction and so the 
bundle if 7 just becomes a scalar. Furthermore ((-y ; dz) becomes the stan- 
dard angle function for the Lagrangian loops in C", and hence Definition 
2.6 reduces to the standard Maslov index of the loop of Lagrangian Grass- 
manians. 

(2) In fact, the above discussion does not depend on the particular choice of 
the standard complex structure j on R 2 ™ but can be repeated verbatim 
for the complex structure on _E 7 = C" induced from any almost complex 
structure J compatible to the standard symplectic structure ui n . Using the 
fact that the set of compatible almost complex structure is contractible and 
the degree is an homotopy invariant, the coisotropic Maslov index is an 
invariant depending only on the homotopy class of the complex line bundle 
K(j n y We note that this homotopy class is an invariant depending only 
on the coisotropic loop 7. In this sense, the index ^(7; £) defined above is 
a symplectic invariant. 

(3) A complete parallel discussion can be carried out in the case of Calabi-Yau 
manifolds as we will discuss in section 7 later. 
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From the definition, it is clear that to discuss invariance property of the index 
/u(7;C)j onc needs more than just a homotopy of the loop 7 but also to dictate 
a proper condition for the section £ as well. This deviates from the homotopy 
invariance of the classical Maslov index of Lagrangian loops [Ar] . 

However it has the property of symplectic invariance which we now describe. Let 
7 6 r fe (R 2 ™, w ) and ( e T(K 7 ) be a Maslov section. For any loop A : S 1 ->• Sp(2n), 
it naturally induces the push-forward complex structure A*j on R 2 ™ and a push- 
forward coisotropic loop A ■ 7 : S 1 — > r(M 2 ",w )- It induces a pair (A ■ 7; A*() of 

A*C e ^(A»j,A-7)- 

Theorem 2.9. Let 7 G r fe (R 2 ™,w ) ««d C G r(i% 7) ). Lef A : S* 1 Sp(2n) be 
any loop of symplectic matrices. Then we have 

n(A-r,A.Q=n{ T ,Q- (2-7) 



§3. Graded coisotropic submanifolds, and the coisotropic Maslov index 

In this section, we will introduce the notion of grading on coisotropic submani- 
folds and define an index of maps carrying a transverse Maslov section with it. 

First we denote by T the null foliation of the coisotropic submanifold Y C (A", ui) 
and consider the leafwise normal bundle NT and its dual N*T respectively. 

We note that J preserves both NT C TX\ Y and N*T = (TT&NY) 1 - C T*X\ Y 
and so induces decomposition of the complexifications 

NT ® C = N lfi T © N 0,1 T 
N*T ® C = (N*Y'°T © (N*)°' 1 T. 

By definition, the transverse canonical bundle is defined by 

K Y ->Y = det(A 1 '°(AT*JF)). 

In general K® 2 — > Y" is not trivial. However it is trivial if Y is either Lagrangian 
or if the total space X satisfies 2c\(X, u>o) = 0. 
This leads us to the following notion. 

Definition 3.1. 

(1) We call a coisotropic submanifold Y C (A, to) gradable if its transverse 
Maslov bundle K® 2 is trivial. 

(2) We call a pair (Y, [A]) a graded coisotropic submanifold where A e T(A® 2 ) 
and [A] its homotopy class. Then we call the A transverse Maslov charge 
and its homotopy class [A] a grading of Y. 

Here we note that our definition of graded coisotropic submanifolds is manu- 
factured so that an index for a map with boundary lying on the given coisotropic 
submanifold can be defined which is always the case for Lagrangian submanifolds. 
We would like to emphasize that it is not a generalization of the graded Lagrangian 
submanifold used in [Ko] or [Se]. For example, according to our definition, any 
Lagrangian submanifold is gradable and canonically graded. 
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Obviously for given compatible almost complex structure J on (X, u>), the space 
of transverse Maslov charges of Y is a principal homogeneous space of C°°(Y, S 1 ). 
In other words, we have 

A — A' G C°°(Y, S 1 ). (3.1) 

We are now ready to define the coisotropic Maslov index of a map w : (£, <9£) — ► 
(X, Y) in the presence of transverse Maslov charge A of Y which we denote by 
L i {Y.A)i w )- We will suppress A from the notation, whenever there is no danger of 
confusion. 

Consider the pull-back w*TX and its symplcctic trivialization 

$ : w*TX £ x C". 

Such a trivialization, even the unitary one, always exists as long as dT, ^ 0. Fur- 
thermore it is unique up to homotopy when £ is a disc. We will restrict to the case 
of discs in this paper and postpone more general discussions of the higher genus 
cases elsewhere. From now on, we assume £ is a disc D = D 2 . We will denote by 

{m, ■ ■ ■ ,u n } 

the corresponding unitary frame such that 

spanc{«i,-" ,u k } = {TY^® JTY U )^ J . (3.2) 

In the presence of transverse Maslov charge A on Y, we require that the push- 
forward grading 

[A*] := [(* 8D ).(A)] 

on the loop cn$ G Ffe(K 2 ™, u>o) coincides with the canonical grading defined in section 
2. In terms of the above unitary frame, this means that 

[( 7 rA] = [( 7 r(^A---A^)] (3.3) 

where 7 = dw : dD — > Y. More precisely, we have 
Lemma 3.2. 

(1) We can always choose a unitary frame ofj*(TX) {tii,-- - ,u n } over dD 
that satisfies (3.2) and (3.3). 

(2) We can then extend the above frame over dD to that of w*TX over D. 

Proof. Recall that any complex vector bundle over dD = S 1 is trivial. This proves 
(1). The statement (2) follows from the fact that 7T2(U(n), U(k) <S> {id}) = when 
n > 2 and < k < n. □ 

We will call such a trivialization $ an admissible trivialization of w* (TX) with 
respect to (Y, A). We will sometimes denote by $a if necessary to explicitly state 
this choice. 

Now we are ready to define the coisotropic Maslov index for the map w : 
(D, dD) — > (X, Y) with respect to the transverse Maslov charge AonY. 
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Definition 3.3. Let w be as above, and let $ : w*TX -^ExC be an admissible 
trivialization. Then we define the index 

M(V,A)H = [A] - [**(C(a.i«fa))] e z 

and call it the coisotropic Maslov index of the map w with respect to A. 

It is easy to check the above definition does not depend on the choice of admissible 
trivializations <!>a- 

In general, the coisotropic Maslov index will not be invariant under the homotopy 
of maps Wt : (D, dD) — > (X, Y) for t G [0, 1]. However this is so when the transverse 
Maslov charge A is also parallel. We will prove the following theorem in the next 
section. 

Theorem 3.4. Suppose that the transverse Maslov charge A on Y is parallel with 
respect to the connection induced from the canonical connection from (X,u, J). Let 
{(w t )}o<t<i be a smooth family of maps with boundary lying on Y. Then we have 

V(y,a)( w o) = At(r,A)(wi)- 

An obvious necessary condition for the existence of such a parallel section is 
vanishing of the curvature of Ky. This theorem leads us to the following definition. 

Definition 3.5. We call a coisotropic submanifold Y a transver sally Ricci-flat if 
Ky is flat. 

We will study various geometric properties of transversally Ricci-flat coisotropic 
submanifolds in Kahler manifolds later in section 5-7. 

§4. Coisotropic submanifolds in almost Kahler manifolds 

In this section we recall the basic facts on the connection on the almost Kahler 
manifolds (X,ui,J) following [Kb]. 

We now consider an almost complex structure J that is compatible to ui, i.c, the 
triple (X,w, J) defines an almost Kahler manifold with the standard convention 

g = w(-,J-). 

We will choose a connection V on TX which preserves both J and ui. Such a 
connection always exist and in addition becomes unique if we impose the condition 
that 

Vw = = V J 
and the corresponding torsion form G is of type (0,2). 

Definition 4.1. A connection V of the almost Kahler manifold (X, u>, J) is called 
the canonical connection (see [Kb]), if its torsion form is of type (0,2). 
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Theorem 4.2 [Theorem 5.1, Kb]. Every almost Kdhler manifold (X,ui, J) car- 
ries the unique canonical connection. This connection also satisfies 

^9 4 A^ = 0. (4.1) 

When we say that (X, lu, J) is an almost Kahler manifold, we will always assume 
that it carries the canonical connection. Now we need to do some basic calculations 
involving the moving frame adapted to the given coisotropic submanifold Y a X. 

We choose an orthonormal frame of X 

{ei,e 2 ,--- ,e„,/i,-- - ,fn} (4.2) 

such that 

span R {ei, • • • , e k ,e k+ i ■■■ , e n , fi, ■ ■ ■ , f k } = TY C TX 

and 

span R {e fe+1 , ■■■ ,e n } = (TY)" := E C TY. 

The vectors 

Uj = ~(ej -ifj), j = l,---,n 
form a unitary frame of T^'^X and the vectors 

Uj = -(ej +ifj), j = l,---,n 

form a unitary frame of T( ^X. Let 

{ e l> ' ' ' i e ni/l!'" ) /«} 

be the dual frame of (4.2). The complex valued one forms 

9 j = cP +if3 j , j = l,---,n 

form a unitary frame of TX which are dual to the unitary frame {m, ■ ■ ■ ,u n }. 
In terms of the above mentioned canonical connection V, we have 

Vu j =^2^ (giUt + ^Tj ®u e (4.3) 

i I 

where Wj is the connection one form 

The first structure equation with respect to the frame {8 1 , ■ ■ ■ , n } becomes 

d6 j = - A A ei + 0J ( 4 - 4 ) 



COISOTROPIC SUBMANIFOLDS 



11 



where the torsion form Id? is of the type (0,2) 



Furthermore if we set N~ = iVjg, then (4.1) implies 
(see [Kb]), or equivalently 



i=rj. (4.6) 
The 2-nd structure equation of • • • , 6 n } is 

dw = -lu A lu + K (4.7) 

where K is the curvature 2-form. 

The following proposition will play an important role in the proof Theorem 3.4 
for the maps w : {D 2 1 dD 2 ) — ► (X, Y) and also in our calculation of covariant 
derivative of the transverse Maslov section later. 

Proposition 4.3. Suppose that J and V are as above. Let 7 : [0, 1] — > Y C X be 

a smooth curve on Y and let Ilv be the parallel translation from T~ ( (q^X to T^^X 
in X. Then II 7 maps (E © J-E)| 7 (o) c T -y(o) x to ( E © JE )\i(i) C T^X . In 
particular, the subbundle H E := E ± ' J C TY is also invariant under the parallel 
translation along such curves. 

Proof. Note that in terms of the metric g, it is enough to prove that for any vector 
field 7] on Y such that (77(7(0)), £o) 9 = 0, the parallel translation n 7 (£ ) also satisfies 

(77(7(1)), n 7 (£ )}=0 (4.8) 

when (o££ffi JE. We choose an orthonormal frame of X 

{ei,--- ,e n , ,/„} (4.9) 

adapted to Y. The vectors 

«j = ^(ej - i = l,---,n 

form a unitary frame of T^^X and the vectors 

u 3 = ^(e 3 +ifj), j = l,---,n 

form a unitary frame of T^^X. Let 

{ai, • • • ,a n ,/3i, ■ ■ ■ ,/?„} 
be the dual frame of (4.9) The complex valued one forms 

6» J ' = a 3 +if3\ j = l,---,n 
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form a unitary frame of TX which is dual to the unitary frame {ui, • • • ,u n }. 
Substituting (4.5) and 

^ = E<4^+E<#' 

i i 

into (4.4), we can write 

d6 j = - E <4^ A 0* - E ^ A(f +E JV"a^ A 1 . 

»,£ i,t i,i 

It is easy to see that for d0i with j = 1, ■ • • , k to be in the ideal generated by 
{0 1 , • • • , 9 k , 6 , • • • , 6 k } on y, we must have 

( J it = ( J a = Ni l = Q, fori, £>fc + l. (4.10) 

Let £ : [0, 1] -> T^X be the unique solution for 

Vy W £ = 

C(0) =? e£ffl J£| 7(0) 



for given £ - By definition of the parallel translation, we have n 7 (£ ) = We 
compute 

d_ 

dt ' 

On the other hand we derive from (4.3) and (4.10), 



>j(7(*)U(*)> = (VtUj-,0 + (uj-.VtO = (VtUj-,0- 



v t «i = E^KVWK + E t j(t'(*))«« 



and hence 

fe fe 



^<« J -(7(*)),^)> = E w KV(*))<«i.o+E 7 j('y , (*))^'0 



for 1 < i, j < k. Similarly we also derive the equation for with 1 < i, j < k. 

Together we have a system of linear first order ODE for (tti,£) and (Hi,C> for 
1 < i < k with the initial condition 

(«i(7(0)^(0)> = (ui(7(0),€(0)>=0. 

This proves that (ui(j(t)),£(t)) = (ui(j(t)),£(t)) = for all t e [0,1] and in 
particular at t = 1. This finishes the proof. □ 

Proof of Theorem 3.4-. Because of the symplectic invariance of the index ^(7; Q, we 
may choose any trivialization of w^TX for the definition of /J.(Y,A)( w t)- We denote 
the parameterized map 

W : [0,1] x D -> X; W(t,z)=w t (z) 
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and fix a trivialization of W*(TX) 

$ : W*{TX) -> [0, 1] x D x C" 

Under this trivialization, (dw t )*TY gives rise to a loop of coisotropic subspaces 
OL Wt : S 1 — > r / t(T UJ (o)A') = rfc(C") for each £ G [0, 1]. Now we consider the parallel 
translations 

11° : {dwt)*TX -» (<9w )*TX 

along the paths 

for each G <9Z?. The pairs (S a , L a ) corresponding to the loop £ \— ► 11° ■ a Wt G 
rfe(C n ) are mapped to a ^-parameter family of the pairs 

(n° t (s awt ),u° t (L awt )) 

in C" and Proposition 4.3 implies that 

n° t (s awt ) = s awo cc. (4.ii) 

for all £ G [0, 1]. Furthermore since we assume that A is parallel, A is invariant 
under the parallel translation 11°, i.e., we have 

n?(A t ) = A (4.12) 

where A t = (dw t )*A. Then H(y,A)( w o) = V(y,a)(wi) follows from (4.11), (4.12), 
Proposition 4.3 and homotopy invariance of the usual Maslov index of the La- 
grangian Grassmanians. □ 

§5. Leafwise mean curvature vector 

From now on, we use indices i, j, . . . from 1 to n, a, b, c, ■ ■ ■ from 1 to k and 
a, (5, ■ ■ ■ from k + 1, • • • ,n and use the summation convention for the repeated 
indices. We restrict the 1-st structure equation (4.4) to Y. Since the distribution E 
on Y is integrable and /* = on Y, both d6 a and d9 a should be contained in the 
ideal generated by {6* 1 , • • • , 8 k , 9 , • • • , 9 k }. The 1-st structure equation provides 

d9 a = -u? A9 i + @ a = -ul A 9 b - u a a A Q a + 6 a 

on Y. We will come back to the non-integrable case in the appendix and restrict 
our attention to the integrable case for the rest of the paper. 

From now on, we will assume (X,w, J) is Kahler, i.e., 6 = 0. In this case, the 
above first structure equation becomes 

d9 a = -w? A i = -w£ A 9 b - u a a A 8 a (5.1) 

Since this is contained in the ideal generated by {9 1 , • • • , 9 k , , ■ ■ ■ , 9 k }, and 

w% A 9 a = u^6 j A 9 a + u^-.P A 8 a 
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we derive 

w%ffiP A 9 a + u^6 A 9 a = 

and so 

</3=^a, <g = 0. (5.2) 

Now we need to incorporate some real aspect of the submanifold Y C (X, u>). For 
this, wc write the connection one form ui) as 

w} = a) + if3) 

where a* , /3j are real one forms. The unitarity of connection, i.e, the skew-Hermitian 
property of (to)) implies 

a) = -<4, (3}=p{. (5.3) 
The first structure equation d8 e = —w\ A becomes 



(5.4) 



(5.6) 



f del = -^Ae*+/3|A/; 
1 C - A e* - a) A f* 
For k + 1 < a < n, since /* = on Y, we derive 

o = c = A e ; - «? A A* ( 5 - 5 ) 

on Y. By Cartan's lemma, we conclude 

Pf = A<* t e* t + B%f* b 

a% = Cge* + DtJl 

where the coefficients satisfy 

Af t = Afj , B% = Cg , Dt c = D%. (5.7) 

Therefore the second fundamental form S = ^ Q S a f a of Y is given by the sym- 
metric matrix 

Now we are ready to define the leafwise mean curvature vector. 

Definition 5.1. Let Y C X be a coisotropic submanifold and let S — S a f a be the 
second fundamental form of Y C (X, g) . The leafwise mean curvature vector of Y 
is the partial trace of S 

#11 := S(ep, ep) = S a (e /3l e f3 )f a . (5.8) 
The leafwise mean curvature one form of Y is defined by 

af, := H ll \u. (5.9) 

It is easy to check that the right hand side of (5.8) is independent of the choice 
of the frame adapted to Y and so the leafwise mean curvature vector and so the 
leafwise mean curvature one form are well-defined. 

In the above moving frame, the leafwise mean curvature vector is given by 

Recalling the Kahler form is given by u — |# J A 9^ = e* k A /£, we prove that the 
mean curvature one form becomes 

HW\w = -A^el (5.10) 

We summarize the above calculations into the following proposition 
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Proposition 5.2. Let Y C (X, uj) be coisotropic and (X,ui,J) be Kdhler. Then 
the leafwise mean curvature one form has the formula 

4 := H">|ty = -Ai a el = -A% a e* . (5.11) 

Now we will derive leafwise derivatives of various leafwise differential forms, 
including 4- To carry out this derivation in a coherent manner, we need to 
provide a brief review the concept of E-dc Rham complex [NT] associated to the 
structure of Lie algebroid [Mac] . 

Definition 5.3. Let M be a smooth manifold. A Lie algebroid on M is a triple 
(E, p, [ , ]), where E is a vector bundle on M, [ , ] is a Lie algebra structure on the 
sheaf of sections of E, and p is a bundle map 

p:E^TM (5.12) 

such that the induced map 

r(p) : r(M; E) -» T(TM) (5.13) 

is a Lie algebra homomorphism and, for any sections a and r of E and a smooth 
function / on M, the identity 

[a,fr}=p(a)[f}-T + f-[a,r}. (5.14) 

Definition 5.4 [Definition 2.2, NT]. Let {E,p,[, ]) be a Lie algebroid on M. 
The E-de Rham complex ( E Q*(M) E d) is defined by 

E n(A'(E*)) = T(A'(E*)) 

E (L)(ai,--- ,crfc+i) = 

= ^(-l)V(CTi)w(o-l, • ' ' • • ■ , cr fe+ i) (5.15) 

i 

+ X]( -1 ) l+J ~ lw ([ (7i ' <7 -7']' <Jl ' " ' ' ' ' '^J'" ' ' a k+l)- 

i<j 

The cohomology of this complex will be denoted by E H*(M) and called the E-de 
Rham cohomology of M. An E-connection on a vector bundle F on M is a linear 
map 

V : r(F<g> A*(E*)) -» r(F® A ,+1 (S*)) (5.16) 
satisfying the Leibnitz rule: 

V(/a) = £ d(/)-(7 + /-V<7. 

Similarly we can define the notion of E-curvature E K V e T(A 2 (E*) ® End(F)) in 
an obvious way. 

We would like to emphasize that E H*(M) is not a topological invariant of Y 
but an invariant of the Lie algebroid E = TY^ or of the null foliation T of Y . For 
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example, the class is not invariant under the general homotopy but invariant only 
under the homotopy tangential to the foliation in an obvious sense. We can also 
denote TY^ = TT the tangent bundle of the null foliation T and by E* = T*T 
the cotangent bundle of T. 

In our case, M = Y and E := TY U and the anchor map p : E — > TY is nothing 
but the inclusion map i : TY^ TY. The integrability of TY U implies that the 
restriction of the Lie bracket on T(TY) to T(TY") defines the Lie bracket [, ] on 
T(E). Therefore the triple 

(E = TY u ,p = i,[,]) 

defines the structure of Lie algebroid and hence the ^-differential and ^-connections. 
In our case, the corresponding ^-differential is nothing but djr the exterior deriv- 
ative along the null foliation T. and its cohomology, denoted by H*(Y,u), the 
cohomology H*(T) of the foliation T. We denote the .E-connection of a vector 
bundle F over Y of this Lie algebroid by V" in general. 

Now we go back to further study the leafwise mean curvature vector. The the 
Ricci form ip of the metric g — u(-,J-) represents the curvature of the canonical 
line bundle 

K := A n '°(T*X ® C). 

We first recall one geometric fact about Lagrangian submanifolds on the general 
Kahler manifolds. For a given Lagrangian embedding i : L > (X,u>), we consider 
the pull-back bundle F = i*K — ► L. If L is orientable, the line bundle i*K is 
always trivial. In general, the square i*K 2 ® is trivial. In fact, for the orientable 
Lagrangian submanifold, there exists a canonical section which we denote by il^: 
we choose a positively oriented Darboux frame 

{ei i ' ' ' j e n , /l , ' ' , fn} 

so that {ei, • • • , e„} spans, TL and the associated holomorphic frame {#1, • • • , 9 n } 
of A™'°(TJ ® C) adapted to L. In particular, the n-form 

e*i A • • • A e* 

provides the volume form of Y with respect to the induced metric. Then the 
complex n-form 

n L = 6>i a • • • a e n 

where 6j = e* + if* provides the canonical section. 

Now we study the general coisotropic cases. The discussion below will be parallel 
with the case in (M. 2n , lu ) considered in section 2. Recalling that the direct sum 

£ :=TF®NjY CTX\ Y 

is invariant under the action of J : TX\y — > TX\y, we consider the complexification 

where the splitting is with respect to the complex structure J : TT ® NjY — ► 
TT © NjY. One can also consider the dual bundle 



£* = N*T © T*T NjY © TT = £. 



(5.17) 
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Then we consider the top exterior power of S 1 ' , det£ as a complex line vector 
bundle. 

Note that the complex line bundle detS 1 ' )® 2 has a canonical section given by 

(u k+1 A---Au n )® 2 

for any adapted frame {ei, • • • , e„, /i, • • • , /„} and its associated Hermitian frame. 
It is easy to check that this form does not depend on the choice of the adapted 
frame (4.9) and so globally well-defined. 

We will now compute the covariant derivative 

V(u fe+ i A • • • A u n ) 

with respect to the induced connection on (det S lfi )® 2 from that of {TT®J(TT))® 
C. More precisely we have the following 

Lemma 5.5. The canonical connection on TX\y naturally induces a connection 
on TT ® J(TT) C TX\ Y by restriction. 

Proof. This is an immediate consequence of Proposition 4.3. 

We will also compute the iJ-covariant derivative 

V w K+i A- -Attn) 

where the .E-connection V u is nothing but the restriction of the induced connection 
on F — detf 1 ' from the connection V on TT ® J(TJ-) defined by Lemma 5.5. 
One can easily check that V" really satisfies the defining property ^-connection in 
Definition 5.4. 

Proposition 5.6. Let [X,u,J) be Kahler and i : Y <—* {X,lo) be a coisotropic 
embedding. We denote by V the connection on det£ 1,0 — > Y defined in Lemma 5.5. 
Then we have 

V(M fe+ i A • • • A u n ) = ■ (wfc+i A • • • A u n ) (5.18) 

and 

V u {u k+1 A • • • A u n ) = -ia\r ■ (u k+1 A • • • A u n ) (5.19) 
In particular, we have 

curv(det(S lfi )) = i*{duj*) (5.20) 

for the curvature of the line bundle det(£ is given by and its E-curvature is 
given by 

E curv(det(£ 1 '")) = -id^(al). (5.21) 



As in the Lagrangian case [Oh2], the following is an immediate corollary of 
Proposition 5.6 whose proof we omitted. 
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Corollary 5.7 (Compare with [Corollary 3.3, Oh2]). Let i : Y ->• X be 

any coisotropic embedding. Then the holonomy of the bundle det(£ 1,0 ) over a loop 
7 C Y with respect to the induced connection is given by 

exp(— i / ay) 

provided that 7 is tangent to the null foliation ofY, i.e., j'(t) 6 TY M for all t. 

We first state the following symmetry property of the second fundamental form 
B of coisotropic submanifolds Y in a Kahler manifolds, which is the analog of the 
symmetry property for the Lagrangian submanifolds [Lemma 3.10,Ohl]. 

Lemma 5.8. Let B be the second fundamental form of the coisotropic submanifold 
Y C X . Consider the tri-linear form on TT defined by 

(X,Y,Z)^(B(X,Y),JZ). 

Then we have 

(B(X,Y),JZ) = (B(X, Z),JY) 

for all X,Y,Ze TT. 

Proof. This is a re-statement of the property that is fully symmetric over a, [3 
and 7 which follows from (5.3) and (5.7). □ 

Proof of Proposition 5.6. For any X 6 TY, we compute \7x(u k+1 A • • • A u n ) with 
Uk+i A • • • A u n taken as a unit frame of det £ 10 . Then we have 

n 

Vifu^i A • • • Au n ) = ^2 u k+i A • • • A VxU a A • • • A u n . (5.22) 

a=k+l 

From the way how the connection V on TT © J{TT) is defined in Lemma 5.5, we 
have On the other hand Proposition 4.3 together with the structure equations (4.1) 
restricted to Y implies that the covariant derivative becomes 

V x u a = ljKX)^ 

and hence 

VxK+i A • • • A Un) = u°(X)(u k +i A • • • A u n ). (5.23) 

This proves (5.20). On the other hand by restricting to TT and using the fact that 
aCJ = we have 

VxK+i A • • • A u n ) = i[32(X)(u k+1 A • • • A u n ). (5.24) 

for X G TT. On the other hand, we have already shown that f3^ = ^ Q e* = — a y in 
(5.6), (5.11) and the symmetry property of This finishes the proof (5.21). □ 
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§6. Pre-Kahler manifolds and its transverse canonical bundle 

The beginning discussion in this section is intrinsic in that it depends only on 
the corresponding pre-symplectic structure ivy on Y, while the discussions in the 
previous sections are extrinsic in that it describes the property of the coisotropic 
embedding into (X,u). In the end of the section, we will derive a compatibility 
condition between them. 

For this purpose, it seems to useful to define another intrinsic notion 

Definition 6.1. Let (Y, ui) be a pre-symplectic manifold and fix a projection 
II : TY — > TY and its associated splitting TY — TF(BGn Let J be an almost com- 
plex structure on the normal bundle NT C TY compatible to the pre-symplectic 
structure toy in the sense that 

g\Nf = wy(-, J-)\nf 

We call the triple {Y,wy, J) a pre-Kahler manifold. We denote by curv(Ky) and 
E curv(Ky) the curvature and incurvature of the transverse canonical bundle Ky 
of Y, respectively. 

Obviously any coisotropic submanifold Y in a Kahler manifold (X,u>, J) carries 
the induced pre-Kahler structure. 

Considering 8 1 A • • • A 9 k as a local frame of Ky, a straightforward computation 
shows that the covariant derivative 

VxiO 1 A • • • A k ) = -cj^(X)(9 1 A • • • A 9 k ) (6.1) 

for any X £ TY. Here again we use Proposition 4.3 to define the natural connection 
on the bundle He ■= {TT) ± ' J induced from TX\y. The calculation is done with 
this natural connection. 

Therefore the curvature of Ky is given by 

curv(Ky) = -i*{du a a ). (6.2) 

On the other hand if we denote by 

the pull-back of the form w° to the leaves of the null-foliation J 7 , The the in- 
curvature of the bundle Ky is given by the leafwise differential 

E curv(K Y ) = -d F (i*j*>l). (6.3) 

These forms do not depend on the choice of frames adapted to Y but depends only 
on the triple (Y,uiy, Jy ). 

We now derive the following which is the coisotropic analog of the result by Mor- 
van [Mo] and Dazord [D], which relates the intrinsic curvatures (Y, u>y, Jy and the 
extrinsic curvatures of Y C (X, u, J) and the ambient Ricci-curvature of (X, u),J). 
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Theorem 6.2. Let (X,u,J) Kahler and i : Y C (X, ui, J) be any coisotropic 
submanifold. Let K — (KJj) be the curvature two form and ip = Kj the Ricci form 
of the metric. Then we have the formula 

-curv(Ky) = -curvidetS 1 - ) + ii*(p) (6.4) 
- E curv{K Y ) = idjr(al) + U^(p) (6.5) 

where the two form i*jr(p) is the restriction to TY U = TT C TY of the Ricci form 
p of X. Equivalently, we have 

— curv(Ky) + curv(det = ii*(p) (6-6) 
- E curv(K Y ) - idjr( a \) = ii* T {p) (6.7) 

Proof. We will follow the above used notations in section 4. We first note that 

d$ = Im(dw^). (6.8) 
Now wc note that if we restrict (3" in (5.6) to the leaves of E, we have 

W) = 

On the other hand, taking the trace of the 2-nd structure equation we have 

duj] = A u) + K] = K] = ip. (6.9) 
We decompose the left hand side of (6.9) and rewrite 

dLoZ + <K = ¥■ 

This immediately proves (6.6). Restricting this to the leaves of T, we have 

dr(i*AO) + d^rO - «>P- (6-10) 
On the other hand, we derive from (6.8) 

and 

- E curv{K Y ) = dr(i*M) 
from the definition (6.3) of the incurvature of Ky. This finishes the proof. □ 
Corollary 6.3. If (X,w, J) is Einstein- Kahler, i.e, p = Xui, then we have 

curv(Ky) - curv(dct S 1 ' ) = 0. (6.12) 

E curv(K Y ) + idyr(a l Y ) = 0. (6.13) 

This is the coisotropic analog to the well-known fact that the mean curvature one 
form is always closed for the Lagrangian submanifolds in Einstcin-Kahlcr manifolds. 

Now we restrict to the case when Y carries a parallel transverse Maslov charge 
A. An obvious necessary condition for Y to carry such a parallel transverse Maslov 
charge is the vanishing of its ordinary curvature 

curv(Ky) = (6.14) 

i.e., Y must be trans versally Ricci-flat. Therefore we have the following 

Proposition 6.4. Suppose that Y satisfies (6.14), i.e., is transversally Ricci-flat. 
Then we have 

-idjr(a Y ) = i*jr(p). 

In particular, for the Einstein- Kahler case, the mean leafwise mean curvature form 
is leafwise closed and so define an infinitesimal deformation of Y as a coisotropic 
submanifold. 
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§7. Special coisotropic submanifolds in Calabi-Yau manifolds 

In this section, we restrict to the case when (X, w, J) is Calabi-Yau and study 
special features of geometry of coisotropic submanifolds thereof. A coisotropic 
submanifold will have an induced pre-Kahler structure (Y, u)y, Jy) from A. 

Let n be a holomorphic volume form of X with constant length one or equiva- 
lently a non zero holomorphic section of the canonical line bundle K with length 
one. 

For any given coisotropic submanifold Y C (X,u>), taking the restriction of ft to 
the leaves of T, we define a bundle map 

h Y : (det(T ll0 £))® 2 -> {K Y )® 2 

by 

(f)®2 ^ (£jft)® 2 . 

In particular, this pushes forward the global section (uk+i A • • • A u„) 82 g r(£ 1,0 ) 
to a global section on K® 2 . Therefore we have 

Definition & Proposition 7.1. Any coisotropic submanifold Y in Calabi-Yau 
manifolds is canonically graded by the section induced by f2. We denote this canon- 
ical transverse Maslov charge by A(o, ; y) and call it the canonical transverse Maslov 
charge of Y and the corresponding grading the canonical grading. 

This canonical grading induced by f2 enables us to define the coisotropic Maslov 
index for the maps w : (D, 3D) — ► (A, Y) for all coisotropic submanifolds Y in A 
simultaneously, which we denote by fJ-(Y-,n) ■ 

Furthermore for the given frame adapted to 7, we can also write 

n = f6 1 A---A0" (7.1) 

for a locally defined function / with values in S 1 . Since is parallel, we have 

= Vx(^) = Vx(/6» 1 A---A6»") 
= (df(X)-fui(X))6 1 A---A6 n 

and hence 

df(x)-fui(x) = o 

for any A g TY. In the same frame, we have 

(u fc+ i A • • • A u n )jr> = A • • • A fe ). (7.2) 

Now we compute the covariant derivatives of both sides of (7.2) separately. From 
the right hand side, we derive 

VxifO 1 A • • • A 9 k ) = (df(X) - fu>\{X)){6 x A • • • A 9 k ) (7.3) 

for A g TY. For the left hand side, using (5.18) and the fact that is parallel, we 
derive 

VxK+i A • • • A u n )\n) = <(A)(u fe+1 A • • • A u„)Jfi). (7.4) 
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Comparing (7.3) and (7.4) with the identity (7.2), we derive 

fw%{X) = df{X)- fu>2(X) 
for all X G TY, i.e., we have 

o = rf 7 - - r«) = d 7 - »*(^') (7.5) 

where 7 = log/. Restricting to TT C TY", we also have 

= d Tl - i*M + »4 (7.6) 
Note that the obvious integrability conditions for the equation (7.5) and (7.6) are 

d(i>2)+i>2)) = 0. (7.7) 

and 

d^(i>K) - *4) = (7.8) 

respectively, which, we have already shown in section 6, holds on any Einstein- 
Kahler manifold and so does on Calabi-Yau manifold. 

Definition 7.2. Let (X,ui,J) be Calabi-Yau. We call Y C (X,ui,J) special 
coisotropic submanifold (respectively leafwise special coisotropic submanifold) if the 
canonical section A( Y n) is parallel (respectively leafwise parallel), or equivalently 
if 

d 7 -i>2) = 0. (7.9) 

and 

dr 1 -i*M) = (7.10) 

with respect to the given frame, respectively. 

Obviously one necessary condition for the embedding Y C (X,u,J) is special 
coisotropic is that the pre-Kahler structure (Y, u>y,Jy) must be transversely Ricci- 
flat. 

We recall that for the Lagrangian case, NT = {0} and 

(i*VL) m = g(n L )® 2 

for g : L — > S 1 which is a globally well-defined function and called the angle function 
of the Lagrangian submanifold. Therefore in this case, the above condition means 

g = (ui A---Au n \fl)® 2 

satisfies dg = on L, i.e., / is constant. Therefore Definition 7.2 reduces to the 
usual special Lagrangian condition for the Lagrangian case. 

Furthermore for the Lagrangian case, special Lagrangian condition implies mini- 
mality of Lagrangian submanifolds and vice versa (at least for orientable Lagrangian 
submanifolds) . 

The following theorem is the coisotropic analog to this fact. 
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Theorem 7.3. Let (X,u, J) be Calabi-Yau and Y C (X, ui, J) be a leaf-wise special 
coisotropic submanifold. Then Y is leafwise special coisotropic if and only if it 
satisfies Y is leafwise minimal, i.e., 

Proof. This immediately follows from (7.5). □ 

Now we relate the above geometric study of coisotropic submanifolds in Calabi- 
Yau with the coisotropic Maslov index of the maps w : (D, dD) —> (X, Y). 

For given w, we choose our unitary frame {v\, ■ ■ ■ ,v n } on w*(TX) so that it is 
admissible to the transverse Maslov charge A( Y -,n)- We denote by • • • , <p n } its 
dual frame. The admissibility means 

(dw)* (A(Y,n)) = (0 1 A • • • A (p k ) m . (7.11) 

Now we write 

(tffc+i A • • • A v n )® 2 = g ■ (e fe+ i A • • • A e„)® 2 

for g : dD — > S , where we recall TT = spangjefc+i, • • • , e n }. 

The Maslov index IIcy-q.) ( w ) is computed by the degree of the map 

g : dD -> S 1 

»(Y,n)( w ) = V- I a*ol9 (7.12) 

^ JdD 

where d9 is the canonical angular form on S 1 . 

On the other hand, we can choose our frame {v[, • ■ ■ , v' n } of w*TX, which is not 
necessarily admissible, so that 

v'j = Uj on {dw)*TY (7.13) 

where {u\,--- ,u n } the restriction of a frame of (dw)*TX adapted to (dw)*TY 
over dD. We write 

n = / • {4>'f a • • • a {4>T 

for some / : dD — > S 1 . We write 

(v' k+1 A • • • A <)Jfi)^ 2 = fm 1 A • • • A (^) fc ))^ 2 (7-14) 
In particular, recalling Definition 3.3 of ^(Y-.n){ w ), (7-14) implies 

= dcg(/ 2 ). 

Noting that the calculation in the beginning of this section is purely on Y, we will 
have exactly the same equation as in (7.5) with the connection one form replaced 
by with respect to the frame {v[ , • • • , v' n }. However when restricted to Y, we 
have 

= 4 

This proves the following local index formula 
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Theorem 7.4. For any coisotropic submanifold Y and a frame {m, ■ ■ ■ ,ii„} of 
(dw)*TX adapted to (dw)*TY, we have 

M(Y;0)M = -/ »>£') = 1/ (7.15) 
Jdw K Jdw 

for all w : (D, 3D) — > (X, y). /n particular, coisotropic Maslov index depends only 
on the boundary map dm. 

Corollary 7.5. Let Y C (X,u) be a coisotropic embedding. If the unitary frame 
{m, • • • , u n } of TX\y adapted to Y extends over the neighborhood of the image of 
w, then jU(^.Q)(w) = 0. 

Proof. In this case, we note that the integral (7.15) becomes 

K Jdw 7T J w IT J w 

since p = for the Calabi-Yau metric. □ 

Corollary 7.6. Suppose that Y is a special coisotropic submanifold. Then we have 




(7.16) 



Note that (7.16) for special Lagrangian submanifolds reduces to the well-known 
fact that the Maslov index vanishes since in that case K® 2 is just a scalar C. 

§8. The transverse symplectic curvature in Kahler manifolds 

In [OP1], we have introduced the notion of II-transverse symplectic curvature 
Fu G T(A 2 (N*J r ) ® TT), which measures non-integrablity of the complementary 
subbundlc Gn of TY in a given splitting 

TY = TT®G n - 

Then the complementary subbunldc Gn is intcgrable, if and only if Fu = 0. 
In the (almost)-Kahler case, we have the canonical Riemannian splitting 

TY = TT® {TT)^ J . 

We denote the corresponding curvature as F = Fy. Wc first recall the definition 

Definition 8.1 [Definition 4.1, OP1]. The transverse symplectic curvatureoiY 
is a TT- valued two form on NjT or a section of A 2 (N*f) ®TT defined as follows: 
Let 7r : TY — > NjF be the orthogonal projection. For any given v, u 6 NjT\ y , we 
define 

F(v,u) := [X,Y]Hy) 

where X, Y be any vector field on Y with X(y) = v, Y(y) = u that is normal to 
the foliation and (•)" the component of (•) tangential to the null-foliation. 
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It was proven in [0P1] that this is well-defined as an element 

F e T{k 2 {N*T) <g> TT). 

We will compute the components of the intrinsic curvature F with respect to those 
of the second fundamental form of the embedding Y C (X, g) where g is the asso- 
ciated Kahler metric of X. 

Let {ei, • • • , e„, /i, • • ■ , /„} be an orthonormal frame of TX adapted to Y and 
u) = a) + iff- be the associated Hermitian frame. The first structure equation is 



or equivalcntly 



As in section 5, we have 



d6 £ = -u) A e 3 



-0j Ae*j — aij A fj . 



0? = A%e} + B? b ft 
a? = Cge; + £)£,/* 
where the second fundamental form of Y C (X, g) is given by S — S a f a with 

qa _ ( A lj i ^jb ] 

Now we compute F. A straightforward calculation leads to 

F(e a ,e b ) = [e a ,e b f = e*([e , e fc ])e„ = -rfe*(e a , e h )e Q 
= (-a?(e )^+a?(e 6 )5j)e Q 
= (-<(e„) + a°(e 6 ))e a 

and similarly 

F(e a ,f b ) = (-A% a -DZ a )e a 
F(f a ,f b ) = (-BZ a + B2 b )e a . 
This proves the following formula 

F = (\{C2 b CZ a )e a )e* a A el + (^(-Bg, + A / b * 

+ ((-!>£, -A£,)e a )e: A/ 6 *. 
In terms of the unitary frame, we can also write 

F = F 2 ' + F 1 ' 1 + F ' 2 (8.2) 

where 

F 2fl ={^(C: b ~C^ a )e a )e a A9 b (8.3) 
F^=( % -({-B% t -A'5 a )e SPht (8.4) 



2' 

F°' 2 =(i(C a » fc -CT a ) eQ )rAe b . (8.5) 

In particular, we have obtained the formula for the symplectic transverse mean 
curvature p^ ans defined in [OP1] 

P r ns = (-A a aa -D: a )e a . (8.6) 

We summarize the above calculation into 



26 



YONG-GEUN OH 



Theorem 8.2. 

(1) F is of type (1, 1) if and only if 

C a ab = C? a (8.7) 
in addition to (5.7), in which case we have 

F = F^=^(-D« b -AZ a )e a )8«At. 

(2) We have F = if and only if the second fundamental form S satisfies 

C ab = C bai A ba = ~ D ba ( 8 - 8 ) 

in addition to (5.7). 

Now we consider the hypersurface case in detail. 

Example 8.3. Let (X, u, J) be any almost Kahler manifold and consider the hy- 
persurface Y C X defined by 

Y = {x e M | p{x) = 1} (8.9) 

for a smooth function p : X — > K such that 

\Wp(x)\ g = l (8.10) 

for any x € Y, where Vp is the gradient of p with respect to the associated metric 
g = uj(-,J-). We denote by X p = JVp is the Hamiltonian vector field of p. It 
follows that X p is tangent to Y and 

TT = s V &n R {X p } (8.10) 

and NjT C TY is nothing but the distribution of the maximal complex or J- 
invariant subspace of TY. 

By the definition of F, we have 

F(X,Y) = [X,Y}U = ([X,Y},Xt) g X p 

= -w(J[X, Y},X p )X p = dp o J([X, Y])X p (8.11) 

for any 1,7 e NjT. If we denote 

d c p = -dpoJ (8.12) 

as usual, we have 

NjF = kerdpnkerd c p. (8.13) 

It then follows that 

-d c p{[X, Y]) = dd c {X, Y) (8.14) 
for any 1,7 6 NjT. Combining (8.11) and (8.14), we have proved 

F(X, Y) = dd c p(X, Y)X p . (8.15) 
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In general, the two forms dd c on the complex vector bundle NjJ- (gi C will not be of 
type (1, 1), unless the almost complex structure is integrable. On the other hand, 
in the Kahler case, the following idenity is well-known 

dd c p = 2iddp 

whose restriction to NjT is the well-known Levi form on the hypersurface. There- 
fore in the integrable Kahler case, the transverse symplectic curvature F is auto- 
matically of type (1,1) and the two form 

(F, X^lNjjr 

reduces to the Levi form of the hypersurface. The case F = corresponds to the 
hypersurface that is Levi-flat and the associated foliation of Nj!F in that case is 
nothing but the foliation by the maximally complex submanifolds in Y . 

Motivated by this example, we now introduce the following definition 

Definition 8.4. We say that a pre-Kahler manifold (Y, w y , J Y ) is integrable, if 
the associated transverse curvature F is of type (1, 1), or equivalently the second 
fundamental S = S a f a in any adapted frame satisfies 




where all A a , C a and D a are symmetric k x k matrices. 

We will further study geometry of such structures elsewhere in the future. 

Appendix 

A.l. Calculation for the almost Kahler case 

In this appendix, we generalize the formula in Theorem 4.3 in the (non-integrable) 
almost Kahler manifold as in the spirit of the calculation carried out by Schoen and 
Wolfson [SW] for the Lagrangian submanifolds in the almost Kahler case. 

For this, we need to compare the canonical connection used in the main part of 
this paper and the Levi-Civita connection of the metric 

g = uj(-,J-). 

The corresponding first structure equation with respect to the oriented orthonormal 
frame 

{ei , • • • , 6 n , fi , • • • , f n j 
can be obtained by decomposing (3.3) into the real and the imaginary parts: Writing 

^ = a ) + i$ 

turns (3.3) into 

de* = -{a\ + 7i) A e\ + (ft - Sj) A // (A.l) 
df* - -(ft + Sj) A el + (4 t>) A // (A.2) 
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The symmetry properties of and rj 



uJ l = -lo ] , ri = T 3 - 

3 i ' 3 i ' 

coming from the unitarity of and from (3.6), immediately imply that (A. 1-2) 
defines a torsion free Riemannian connection of g which is nothing but the unique 
Levi-Civita connection of g. 

Now we apply the same kind of analysis as in section 4 noting that the definitions 
of ^-differential and ^-connections depend only on the symplectic structure and the 
given coisotropic submanifold Y C (X, u>), but not on the almost complex structure 
J. 

In the non-integrable case, there will be torsion terms appearing in various places. 
First, (4.4) is replaced by (A. 1-2) and (4.5) by 

o = c = -m + s ?) a e *3 - k - a /; ( A - 3 ) 

on Y. Again by Cartan's lemma, (4.6) is replaced by 

Pi + S J = A fc*e + B%K 

By the same reasoning as in section 4 (see [SW] for a similar calculation for the 
Lagrangian case), we still obtain the same formula 

4 = A% a e" p (A.5) 

as (4.11). 

On the other hand, the formula (4.18) is replaced by 

0« + 5«=A^e; (A.6) 

when restricted to TT and so (4.21) replaced by 

ip = dJl + du b b = dip? - 8%) + E curv{K Y ). (A.7) 

Restricting this to TT and combining with (A. 5-7), we have obtained the following 
coisotropic analog to [Proposition A.l, SW]. 

Theorem A.l. Let (X,u,J) be almost Kahler with the canonical connection. Let 
K = (Kj) be the curvature two form and ip = Kj be the Ricci form of the connec- 
tion. Then we have the formula 

idjra l l - E curv(Ky) = i* r (p) + d^{r) 

where r £ T(T*J-) is a one form canonically pulled-back via the embedding i : Y — > 
X from the torsion form of the canonical connection of X . 

A. 2. Criterion for the minimality of the null foliation 

In this section, we study the question when the null foliation becomes a minimal 
foliation in the sense that each leaf is a minimal submanifold of Y. 
Note that the form 

v Y := e* k+1 A • • • A e* € A n ~ k (E*) = 

is independent choice of the frames {ei, • • • , e„, /i, • • • , adapted to Y and so 
defines a globally well-defined n — k form on Y which restricts to the volume form 
on each leaf. We recall from [Ru,Su,Ha] that existence of such form is a necessary 
and sufficient condition for the manifold (Y,g Y ) is foliated by minimal leaves of 
dimension n — k. In our case, the following theorem shows that the form v Y plays 
the role of such form. 
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Theorem A. 2. A leafT, of the null foliation is a minimal submanifold if and only 
if the from vy is relatively closed on S: namely, 

duy(X lr -- ,X n _ k+1 ) = (A.8) 

on E if the first n — k vector fields Xi are tangent to the leaves. 

Proof. With respect to the frame {ei, • • • , d n , /i, • • • , fk) on Y, the first structure 
equation becomes 

de^-a'Ae^+PiAf: (A.9) 
df* a =-^ Ae*-a a b Af* b . (A.10) 
On each leaf S of the null foliation, provided by e* = = f b , we have 

= de* a = -a a a Ae* a 
= C = A e* . 
By applying Cartan's lemma and comparing with (4.6), we have 

"« = = Cfc"/3 e ^ ^ = /5" = ^a 7 e*- (A.ll) 
Therefore the second fundamental form Ss of S in Y is given by the matrix 

Sj: = (Cfce* ® e£)e 6 + (A^e* ® e ;)/„ (A.12) 
and its mean curvature vector by 

Hence the leaf £ is minimal in Y if and only if 

CL = = A a aa (A.13) 

for all a, b = 1, • • • , k. 

Now we compute the differential dvy 

dv Y = d{e* k+1 A • • • A e* ) 

= ^(-l); e * +1 A • • • A de£ +j A • • • A e* (A.14) 

The first structure equation (A.9) and (4.6) can be written as 
de} = -a£ A e* - A e* 

= -(Cge; + </*) A e fc * - afe; - (<e£ + s£/ c *) A f* b . 
It is then straightforward to derive, by substituting this into (A.14) and using 

dvy= (-iyet +1 A---/\(-C^e}Ae* b )A---Ae* n 

k+l<a><n 



fc+l<a<n 



(-1K +1 A-A(A^A/ 6 *)A-Ae; 



= (C£,e; - A£J b *) A ^ (A.15) 

for the (n — k + l)-tuplc (X\, • • • , X n -k+i) with the first n — k vector fields Xi are 
tangent to the leaves. This finishes the proof. □ 
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